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Abstract
In design and analysis problems of wireless communication systems, a set of signal-to-noise ratio random variables may
have to be dealt with. For example, this applies to transmit and/or receive diversity systems, and to scheduling and resource
allocation problems. In such cases, it can be important to know how a given signal-to-noise ratio random variable ranks
among the whole set of random variables. For example, in opportunistic multiuser systems, allocating resources to a user
depends strongly on the probability of that user’s signal-to-noise ratio being larger than those of all (or most) other users.
Considering a set of signal-to-noise ratio random variables, ranking probability is defined in this paper as the probability of
a signal-to-noise ratio random variable being smaller than a given number of signal-to-noise ratio random variables in the
set. Candidacy probability is defined as the probability of a signal-to-noise ratio random variable belonging to a subset of
signal-to-noise ratio random variables with highest values. Closed form expressions for ranking and candidacy probabilities
of signal-to-noise ratio random variables are derived, assuming Rayleigh fading. The derived probabilities are compared to
those found by simulation. Comparisons confirm the correctness of the derived expressions. Simulations have been performed
assuming a cellular base station that is serving a number of users. In several experiments, different levels of variation in the
average signal-to-noise ratios of the users have been assumed. Results confirm the need for applying some fairness constraints
in signal-to-noise ratio order-based scheduling algorithms to prevent situations where some users may not get enough access
to system resources.

Keywords Wireless communications · Vehicular communications · Opportunistic communications · Rayleigh fading

1 Introduction

Wireless spectrum is a scarce resource, and improving the
efficiency of spectrum utilization is crucial, especially for
providing high-rate-data services [1]. This includes the abil-
ity to support high speed data transmission with different
quality of service (QoS) requirements. Channel conditions
experienced by different users of a communication system
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have generally different and statistically independent ran-
dom time variation patterns [2]. In other words, every user
of the system has its own sequence of channel conditions,
when measured over some period of time. Since achievable
throughput is a function of the received signal-to-noise ratio
(SNR), users cannot be expected to all achieve the same
instantaneous throughput [3].

When using adaptive modulation, the channel state can
be estimated and made available to the transmitter [4, 5].
The transmitter modulation and coding scheme (MCS) can
then be adapted relative to the channel state, such that the
transmission power and symbol rate are adjusted based on
the channel condition.

Scheduling involves the use of a rule, or set of rules, to
specify which user is allowed to transmit/receive during a
time slot [6]. Scheduling can play important roles in meet-
ing user QoS requirements, such as throughput, delay, and
fairness [7]. In opportunistic-type wireless communication
systems, transmissions from/to users are scheduled based
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on their time-varying channel conditions, prioritizing users
with better channels, and therefore, resulting in bit error rate
improvements [8–10].When transmitting/receiving users are
the ones with better channel conditions, substantial gains
in total network throughput can be achieved, compared to
cases where channel state information is not utilized for pur-
poses of scheduling transmissions [11]. When throughput is
increased, spectral efficiency is increased as well. Actually,
opportunistic scheduling can increase the spectral efficiency
by a factor of two or more [9, 10].

The challenge in using opportunistic-type scheduling is
that transmissions from/to users with generally bad channel
conditions (e.g., users that are far away from the base sta-
tion (BS) in a cellular system) are sacrificed. Therefore, the
scheduling scheme should exploit the channel conditions to
achievehigher utilizationofwireless resources,while achiev-
ing good levels of fairness and satisfaction among users [3].
A recent example of applying this concept to scheduling in
a vehicular communication network is provided in [12].

Proportional fairness (PF) scheduling [13] is a popular
technique that prioritizes users with better channel condi-
tions, but without necessarily assigning system resources to
the ones with best channel conditions. This increases achiev-
able throughput and allows for some level of fairness in
assigning resources to users. The priority of a user being
assigned a system resource is obtainedbydividing the achiev-
able data rate of the user by averaged achieved data rate of the
user [14]. For the sake of reaching different tradeoffs between
achievable throughout, fairness and computational complex-
ity, many variations of the PF algorithm, as well as other new
algorithms that are based on it have appeared in recent litera-
ture [15–17]. A PF scheduler that takes into account channel
non-stationarity for moving cars in a vehicular network is
proposed in [18].

1.1 Paper motivation

In wireless communication systems, the concept of electing
a candidate subset of users based on their channel quality has
been used earlier in downlink scheduling scenarios [19, 20].
In some scheduling techniques, the candidate set of users is
chosen from the subset of users that have achieved the lowest
throughputs [21, 22].

By scheduling transmissions to users in the set of candi-
dates taking into account their already achieved throughputs,
the scheduler seeks to create fairness in assigning resources
to users. This motivates efforts to derive closed-form expres-
sions of user candidacy probabilities, as defined below. The
obtained expressions can then be used to determine the per-
formance of scheduling algorithms that operate subject to
fairness constraints.

Let’s consider a set of SNR random variables. The ranking
probability of an SNR random variable in the set is defined

as the probability of the random variable being smaller than
a given number of other random variables in the set. The
candidacy probability is defined as the probability of an
SNR random variable belonging to a subset of (candidate)
SNR random variables with highest values. Let’s consider a
scheduling algorithm that tries to achieve fairness in assign-
ing system resources to users by performing scheduling in
two steps. In the first step, a subset of users having the high-
est instantaneous SNRs among all users requesting system
resources is created. This is the subset of candidate users.
In the second step, the one candidate user with the lowest
already achieved throughput is assigned system resources
in proportion to its achievable throughput. To determine the
probability of assigning system resources to any given user,
it is necessary to determine that user’s probability of being a
candidate user. This obviously requires first determining the
ranking probabilities of the user.

1.2 Paper contributions

The contributions of this work are as follows:

• Derivation of a closed form expression for ranking
probabilities of SNR random variables in a cellular wire-
less communication system under Rayleigh fading. The
derived expression can be useful in the analysis and
design of SNR order-based scheduling problems. In such
problems, it can be important to determine the probabil-
ity of a given user SNR occupying a certain rank (order)
within the set of all user SNRs. This a typical problem
in rank order statistics [23]. To the best of knowledge
of the authors, the ranking probability formulas that are
derived in this article have not been published in any ear-
lier research articles.

• Derivation of a closed form expression for candidacy
probabilities of SNR random variables in a cellular wire-
less communication system under Rayleigh fading. The
derived expression can be useful in the analysis and
design of SNR order-based scheduling problems. In such
problems, it can be important to determine the probabil-
ity of a given user SNR belonging to a set of candidate
user SNRs that is a subset of the set of all user SNRs.
To the best of knowledge of the authors, the candidacy
probability formulas that are derived in this article have
not been published in any earlier research articles.

• Verification of the correctness of the derived expressions
using computer simulation. This is done by comparing
the ranking and candidacy probabilities that are calcu-
lated using the derived expressions to their counterparts
that are determined through computer simulations.
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1.3 Paper organization

The remainder of this paper is organized as follows. Ranking
and candidacy probabilities are defined and derived in Sect. 2.
Results and comparisons are presented in Sect. 3. Finally,
Sect. 4 concludes the paper.

2 Ranking and candidacy probabilities

2.1 Definitions

2.1.1 Ranking probability

In a set ofU SNR randomvariables {γu}Uu=1, randomvariable
γu has ranking k, where 1 ≤ k ≤ U , when there are exactly
k − 1 SNR random variables with larger values than γu . The
notation Pk(γu) will be used to denote the probability of
γu having a ranking k. The set of probabilities {Pk(γu)}Uk=1
specify the ranking probability mass function (RPMF) of γu .

2.1.2 Candidacy probability

LetK denote the subset of K (out ofU ) largest SNR random
variables. The candidacy probability of γu is its probability
of being an element of K, i.e., Pr (γu ∈ K). This probability
will be denoted as QK (γu). Note that when γu ∈ K, then the
ranking of γu cannot exceed K . Hence, QK (γu) specifies the
value of the ranking cumulative distribution function (RCDF)
of γu .

2.2 Derivation of ranking and candidacy
probabilities

Consider a set of U statistically independent exponentially-
distributed SNR random variables {γu}Uu=1. Such random
variables can be encountered in a multiuser wireless com-
munication system operating in Rayleigh fading. Let U =
{u}Uu=1 be the set of SNR indices. Let Ui = U − {i} be the
set of indices, excluding i , where i ∈ U. Obviously, set Ui

hasU − 1 elements, as opposed to set U havingU elements.
Let theU × 1 vector j represent a unique permutation of the
U elements of U. The U ! possible permutation vectors of U
will be combined into set J, whose elements take the form
j = [

j1 j2 · · · jU
]T
, where jm ∈ U for m = 1, 2, · · · ,U ;

with jm �= jn for m �= n.

2.2.1 Derivation of ranking probabilities

Assuming communication over a Rayleigh fading channel, a
received SNR random variable γ has an exponential proba-

bility density function of the form

fγ (γ ) = αe−αγ , (1)

where α = 1/γ̄ and γ̄ is the mean value of the SNR. Let’s
define the event A j such that it occurs whenever γ j1 > γ j2 >

· · · > γ jU , i.e.,

A j =
{
j |γ j1

> γ j2
> · · · > γ jU

}
. (2)

The probability of A j occurring can be determined by inte-
grating the joint probability density function (PDF) of theU
SNR random variables over the region of values in (2). Due
to the independence of the SNR random variables, the joint
PDF is the product of U functions like the one in (1), each
representing the PDF of one of the SNR random variables.
Based on the above, the joint PDF of the U SNR random
variables can be written in the form

fγ1γ2...γU (γ1, γ2, . . . , γU )

= α1α2 . . . αU e−α1γ1−α2γ2−...−αU γU . (3)

Using the joint PDF in (3), the probability of event A j ,
defined in (2), can be calculated by first integrating the PDF
over γ j1 from γ j2 to infinity. The following step is to inte-
grate the PDF over γ j2 from γ j3 to infinity. Similar steps have
to be performed until the PDF is integrated over γ jU−1 from
γ jU to infinity. The last step is to integrate the PDF over γ jU
from zero to infinity. The above procedure can be compactly
represented as in the following equation

Pr(A j−) =
∞∫

0

∞∫

x jU

· · ·
∞∫

x j3

∞∫

x j2

α j1e
−α j1 x j1dx j1

α j2e
−α j2 x j2 dx j2 · · · α jU e

−α jU x jU dx jU . (4)

The integration in (4) can be easily done by first integrating
over the variable x j1 , then over the variable x j2 , and so on
until the final step of integrating over the variable x jU . It
should be noted that lower limit of the x j1 integral in (4) is
x j2 . Taking this into account, performing the integration over
x j1 yields

Pr(A j−) =
∞∫

0

∞∫

x jU

· · ·
∞∫

x j3

α j2e
−(α j1+α j2 )x j2 dx j2

α j3e
−α j3 x j3dx j3 · · ·α jU e

−α jU x jU dx jU . (5)

Similarly to the previous step, performing the integration in
(5) over the variable x j2 , and noting that the lower limit of
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the x j2 integral in (5) is x j3 , yields

Pr(A j−) = α j2

α j1 + α j2
×

∞∫

0

∞∫

x jU

· · ·
∞∫

x j4

α j3e
−(α j1+α j2+α j3 )x j3

dx j3α j4e
−α j4 x j4 dx j4 · · · α jU e

−α jU x jU dx jU .

(6)

Continuing the above procedure until integration over the
variable x jU is performed, theU -fold multiple integration in
(4) yields

Pr(A j ) = α j1α j2 · · · α jU

α j1

(
α j1 + α j2

) · · · (α j1 + α j2 + · · · + α jU

) .

(7)

As a special case of (7), let’s consider the case of only two
SNR random variables, i.e., U = 2, to get the very well-
known result

Pr(A j ) = α j2

α j1 + α j2
. (8)

To simplify the expression in (7), let for l ∈ U,

S j,l =
l∑

m=1

α jm . (9)

Using (9) in (7), one gets

Pr(A j ) =
U∏

l=1

α jl

S j,l
. (10)

Note that

U∏

l=1

α jl =
U∏

l=1

αl . (11)

Using (11), (10) simplifies to

Pr(A j ) =
U∏

l=1

αl

S j,l
. (12)

Let Jk,i be the subset of J with element vectors j k,i =
[
j k,i1 j k,i2 · · · j k,iU

]T
, where j k,il ∈ Ui for l �= k and

j k,ik = i . SNR random variable γi has ranking k for all events
A jk,i that are associated with vectors j k,i . Similarly to (12),

the probability of A jk,i is equal to

Pr(A jk,i ) =
U∏

l=1

αl

S jk,i ,l
, (13)

where from (9) we have

S jk,i ,l =
l∑

m=1

α j k,im
. (14)

Summing over all the vectors in Jk,i , γi has ranking k with a
probability Pk(γi ) that is given by

Pk(γi ) =
∑

j k,i∈Jk,i

(
U∏

l=1

αl

S jk,i ,l

)

. (15)

Note that the summation in (15) contains (U−1)! terms. The
RPMF of γi is therefore equal to

Pγi (x) =
U∑

k=1

Pk(γi )δ(x − k). (16)

Note that scaling all elements in {αl}Ul=1 by the same factor
does not affect the result in (15).

2.2.2 Derivation of candidacy probabilities

Let K denote the set of K (out of U ) largest SNR random
variables. The candidacy probability QK (γi ) of γi , as defined
above, is equal to Pr (γi ∈ K). This probability is equal to

QK (γi ) =
K∑

k=1

Pk(γi ). (17)

Substituting (15) into (17) yields

QK (γi ) =
K∑

k=1

∑

j k,i∈Jk,i

(
i∏

l=1

αl

S jk,i ,l

)

. (18)

3 Verification and results

To verify correctness of the above ranking and candidacy
probability expressions, a number of computer simulations
with very large numbers of runs have been conducted. A
few examples with different SNR distributions are discussed
below. In the studied cases, it is not possible to distinguish
the theoretical and simulation results; because they have been
found to be identical.

In the simulations, we have studied a cellular system con-
sisting of one BS serving U users. We have considered the
downlink only; because this is sufficient to illustrate the use
of the derived ranking and candidacy probabilities. Similar
to what is assumed in many existing works (e.g., [24, 25],
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the BS has been assumed to apply SNR order-based down-
link scheduling. Users are assumed to be located at random
locations in the BS coverage area. No restrictions have been
imposed on the locations of users in the case of equal average
SNRs; because power control is assumed to compensate the
average SNR variations. In the cases of small, medium and
large average SNR variations, user locations have been spec-
ified such that the required level of average SNR variation is
satisfied.

Most of the below simulation results have been obtained
assuming U = 8. Choosing larger values of U would pro-
duce results with similar trends, while needing considerably
larger simulation times. A single result assuming U = 10 is
included at the end of this section as an example. Ranking
probabilities have been sketched for users 1, 4, 8 (1, 5, 10 in
the U = 10 case). The reason for focusing on these users is
that their average SNRs summarize the whole of SNR aver-
age values.

3.1 Equal average SNRs

Consider the special case when all the SNR random variables
have the same mean γ̄ , and therefore, the same α = 1

/
γ̄ .

This case applies to scheduling of homogeneous users in a
multiple-input multiple-output (MIMO) or massive MIMO
(mMIMO) network [26]. Equal average user SNRs are
ensured by assuming that the BS applies max-min power
control to achieve fair user scheduling in the downlink [27].

Substituting the fixed α into (7), (9), (12) and (13) results
in S j,l = lα and Pr(A j ) = Pr(A jk,i ) = 1

/
U ! for all l,

j and k. Substituting the resulting values into (15) yields
Pk(γi ) = 1

/
U for all k and i , which is the expected result.

Clearly, the RPMF is equal to the same value of 1/U for all
k and i . Substituting the equal ranking probabilities into (17)
yields an equal candidacy probability Qk(γi ) = K

/
U for

all k and i .
From the viewpoint of SNR order-based scheduling, all

user SNRs have the same ranking probability and, conse-
quently, the same candidacy probability.Hence, simple round
robin (RR) scheduling is a natural choice. When used in this
case,RRscheduling allows allocating equal system resources
to all users (maximum fairness), while resulting inmaximum
network throughput.

3.2 Small average SNR variations

This case applies to scenarios when the distances between
the users have mostly small values. In other words, the users
are assumed to be located in a relatively small area; such that
the user-BS distance experiences only small variations. Simi-
lar scenarios have been considered in studying user grouping
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User #1 (Theory, Simulation)
User #4 (Theory, Simulation)
User #8 (Theory, Simulation)

Fig. 1 Ranking PMF for users i = 1, 4, 8 with small average SNR
variations when U = 8

and downlink power allocation when non-orthogonal multi-
ple access (NOMA) is used [28].

In this case we let U = 8, i = 1, 4, 8 and {αl}8l=1 =
{1, 1.01, . . . , 1.07}. The ratio of the largest and smallest
mean SNR values is equal to γ̄1/γ̄U = 1.07; which we con-
sider a small ratio. Figure1 shows the RPMF given in (15)
for users i = 1, 4, 8. The main observation here is that the
RPMFs are relatively flat, something we would expect when
the mean values of the involved random variables are almost
equal.

From the viewpoint of SNR order-based scheduling, user
SNRs have approximately equal ranking probabilities and,
consequently, approximately equal candidacy probabilities.
Hence, RR scheduling can be used for the sake of simplicity
while tolerating a small throughput reduction. When used
in this case, RR scheduling allows allocating equal system
resources to all users (maximum fairness), while resulting in
close-to-maximum network throughput.

3.3 Medium average SNR variations

This case applies to scenarioswhen the distances between the
users have mostly moderate values. In other words, the users
are assumed to be located in a medium-sized area; such that
the user-BS distance experiences moderate variations. Simi-
lar scenarios have been considered in studying user grouping
and downlink power allocation when NOMA is used [28].

In this case we let U = 8, i = 1, 4, 8 and {αl}8l=1 =
{1, 1.1, . . . , 1.7}. The ratio of the largest and smallest mean
SNR values is equal to γ̄1/γ̄U = 1.7; which we consider a
medium ratio. Figure2 shows the RPMF given in (15) for
users i = 1, 4, 8. The main observation here is that the SNR

123



M. M. Banat, O. K. El-Radaideh

Rank
0 1 2 3 4 5 6 7 8 9

Pr
ob

ab
ili

ty

0

0.05

0.1

0.15

0.2

0.25
User #1 (Theory, Simulation)
User #4 (Theory, Simulation)
User #8 (Theory, Simulation)

Fig. 2 Ranking PMF for users i = 1, 4, 8 with medium average SNR
variations when U = 8

RPMFof themiddle user i = 4 is relatively flat, meaning that
it has almost the same probability of being ranked anywhere
within the group of SNRs. In contrast, the SNR RPMFs of
the first and last users are, respectively, a slowly increasing
and a slowly decreasing functions of the rank. The simple
explanation of this behavior is that the first user has a small
mean SNR,meaning that the rank of its SNR ismore likely to
assume higher values. Meanwhile, the last user has a larger
mean SNR, meaning that the rank of its SNR is more likely
to assume lower values.

From the viewpoint of SNR order-based scheduling,
user SNRs have somehow varying ranking probabilities and
correspondingly varying candidacy probabilities. Hence, a
scheduling algorithm that prioritizes higher SNRs can be
used to optimize the throughput. This would involve some
unfairness in assigning resources to users; because of the
variations in average SNRs. Therefore, the scheduling algo-
rithm has to be designed to ensure an acceptable level of
fairness in assigning resources to users.

3.4 Large average SNR variations

This case applies to scenarios when the distances between
the users have mostly large values. In other words, the users
are assumed to be located in a large area; such that the user-
BS distance experiences large variations. Similar scenarios
havebeen considered in studyinguser grouping anddownlink
power allocation when NOMA is used [28].

In this case we let U = 8, i = 1, 4, 8 and {αl}8l=1 =
{1, 2, . . . , 8}. The ratio of the largest and smallest mean SNR
values is equal to γ̄1/γ̄U = 8;whichwe consider a large ratio.
Figure3 shows the RPMF given in (15) for users i = 1, 4, 8
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Fig. 3 Ranking PMF for users i = 1, 4, 8 with large average SNR
variations when U = 8
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Fig. 4 Ranking PMF for users i = 1, 5, 10 with large average SNR
variations when U = 10

whenU = 8, while Fig. 4 shows the RPMF given in (15) for
users i = 1, 5, 10 when U = 10. The main observation here
is that the SNR RPMF of the middle user peaks for medium
values of the rank, meaning that it has highest probability
of being ranked nearly in the middle. In contrast, the SNR
RPMFs of the first and last users are, respectively, a steeply
increasing and a steeply decreasing functions of the rank.
The simple explanation of this behavior is that the first user
has a small mean SNR, meaning that the rank of its SNR is
stronglymore likely to assume higher values.Meanwhile, the
last user has a much larger mean SNR, meaning that the rank
of its SNR is strongly more likely to assume lower values.
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From the viewpoint of SNR order-based scheduling,
user SNRs have widely varying ranking probabilities and
correspondingly widely candidacy probabilities. Hence, a
scheduling algorithm that prioritizes higher SNRs can be
used to optimize the throughput. However, thiswould involve
a great deal of unfairness in assigning resources to users;
because of the wide variations in average SNRs. Therefore,
the scheduling algorithm has to be designed with strict fair-
ness constraints on assigning resources to users.

4 Conclusion and future work

Closed form expressions for ranking and candidacy proba-
bilities of SNR random variables have been derived, assum-
ing Rayleigh fading. The probabilities computed using the
derived theoretical expressions have been compared to those
found by simulation. Comparisons confirm the correctness
of the derived expressions.

A number of computer simulations have been conducted.
In a case with small variations in the means of the SNR ran-
dom variables, the RPMFs have been found to be relatively
flat, something wewould expect when themean values of the
involved random variables are almost equal. In other cases
with medium and large variations in the means of the SNR
randomvariables, theRPMFshave been found to have shapes
that are consistent with the distribution of the SNRmean val-
ues.

As far as calculating the derived ranking and candidacy
probability expressions, it is fair to say that it has been a time-
consuming process. Therefore, it is highly recommended
to consider reformulating the expressions in ways that can
reduce the computational cost of performing the calculations.

Further to the above, this work can be extended in a num-
ber of ways. One possible extension is to determine the
ranking and candidacy probabilities in the important case
of Rician fading, which has applications in small cell sys-
tems where a significant line-of-sight component is likely to
be present in the received signal. More general fading chan-
nel models, like the Nakagami-m model can also be studied.
Another future research direction is to apply the results of this
work to opportunistic scheduling scenarios with constraints
that do not limit channel access to only users with best chan-
nel conditions. Air time and throughput fairness constraints,
as well as quality of service requirements are possible factors
in such scenarios.
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